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§16.4

Circulation and Flux
In Exercises 5-14, use Green’s Theorem to find the counterclockwise
circulation and outward flux for the field F and curve C.

6. F = (x> + 4p)i + (x + y?)j
C: The square boundedbyx = 0, x = 1,y =0,y = 1

Sol) Let Fiegr= (xeg)T + (xey9)T = Mt T Ney 3,

Than M, =2x: My=4:N=1: N, =2y,

Thc Vej\'m Lowded ]7\/ C s 9ivem L7 D={(x,y>elR2‘Osxsl 5 08Yg l}

" By Grecn T, Circulation = Jf (Ne-M)A = uto (1= #3dy du= -3,
Flox = fo (M NA = 5 (20 b dydn 5§ Dy nytlpd = Jpl2een)de= 2,
P F IS Let Bixgd= byey) T (xoy )T = Mo Te Ny
e 0 T M=y My=sozy  Ne= 15N, = -

y=x —ﬂ‘l{, Ve:j(on ‘aowchoJ )7\/ C s 9ivem )7)/

0,0

D={(x,y>elelosxsl Kgy< R}

R\/ Gieem's Thm, Civcvlotion = SDf [NK'MV)AA = SLSiU-(xny))J\/ Jx

= o Lu-0y-y* T de = 5o (0-000R-) = x-x)dx = o (R =x =x0R - X020+ 5 )
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3 z'S‘?*‘f*s): 60 .

Flox = %(M*+N7)°|A = S;SJ;LY%H),J)(:SL Pg'ﬂf alxl‘S‘o (%-%-&m‘)dx
:[Xb X9 X?/v. x3\‘(| | 2
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13. F = (x + e*siny)i + (x + e*cosy)j
C: The right-hand loop of the lemniscate > = cos 26
So|) Let Flxyh= (x4 e"s\‘m\/ﬁ + (% €%as ¥)J = Mt T+ Ny 3, j
@ -

T\MM Mx:|+€XSl’nylMy: 6'((:05\/QNx:l'fe)(Odsley:‘eXSI’n/_ ’ kl
The vegion bowded by C is given by D= {ine |°% SOCE 0 ¢<r<lmm)

B\/ Gieen's Thm, Circvlation = Sg (N - MV4A = GS Wl)(\fclhl[?’)

9

= B 81Ty - £y e = (2T

2

0 : 2//
Flox = U (My+N,YdA = §§S 1)wyw> z,/

15. Find the counterclockwise circulation and outward flux of the
field F = xyi + y%j around and over the boundary of the region
enclosed by the curves y = x% and y = x in the first quadrant

\ 'o[\,l)
S b Let F Fxy)= x71+y J = M) T+ Ny) 7,

Then M, = =% Ne= 03 Ny=2y

> X

TL'-(’, Veﬁ\'cm ‘ooumiotJ )7\/ C s 9iven ‘7)/ D:{(¥,7)61R210S><S| 5 xlsysx}

B‘/ GH—WV(IS TL\W\, CiVCU\Q-tIIDVL = SDE NK M\/)AA = S (.O X)J\/ dx

S _ _oxP o
_—_YOX(X-XL)dX = —[‘3—"?]0 = ”(z//

Floe = 10 (Mo NA = [ 5Ly <2 dyd = To 2L 7 dx =25 (x-x*) dx
x5~
= %[l}_ ?Jo = ‘]g//



Using Green’s Theorem
Apply Green’s Theorem to evaluate the integrals in Exercises 21-24.

22. %(3)/ dx + 2x dy)

C
C: The boundary of 0 = x = 7,0 = y = sinx

24. f(2x + v dx + (2xy + 3y) dy

C
C: Any simple closed curve in the plane for which Green’s
Theorem holds
Sol) (22) Let 3pT+ 263 = M Te N3,
TM My: 3 Q‘\Ix:.z~

—TLL(, Yegion ‘ogqu«'/J 17\ C IS 9ivem ]7 D:{[Y, DGIRQIOSXS_)TJ 0< SSihx}
g, Y e 2y ¥ Y
By Green'’s Thie, M Nb)= ST INMOYIA = 5512334y d
/ £ =% Y

= S:: ~Sinx dx = [(‘Js x]Tor = - 2/

(24) Lot (2“71)7:+ (2xy+ By)j = M) T+ Ny)s .
T\/Lw\ My:Qy § Nk:'2>/_
—Tl"{, Veﬁ\'cm \aoquoc] )7\/ C is j\'vw ‘y)/ D

Lo By Gieen'’s Thin, §C>(MAX4N47): SD§ (Ne-My)dA = SDS 0dA =0,



29. Let C be the boundary of a region on which Green’s Theorem
holds. Use Green’s Theorem to calculate

a. y(f(x) dx + g(y) dy
C

b. 7{ ky dx + hx dy (k and h constants).
c

Sol)ta) Let Fe0F+ 9iy)J = Moy T N3

Than My=0 :N,=0 .

The region bounded ]7\/ C s givem 177 D

" By Green's Thun, $Mbcontf= S NMdA =ST0dA = 0,
(o) Let l<y"’7+ks<3‘3 = Mxy) T+ Ny 3

Then My=k s N, =l _

The region bomdsd by C is given by D

By Greenm's Thun, Mo Nb)= 5§ NeMIAA = S5-K1AA = (hok)-Arealty
c D D 7



30. Integral dependent only on area Show that the value of

‘y{xyz dx + (x*y + 2x) dy
C
around any square depends only on the area of the square and not

on its location in the plane.
153 ). - -
Sol)let Xy T+ (Xy+2x)3 = My T+ N3,

T\MM My: ny ;NX=2><>,+2. Tlu kej\ltm ‘aowurlocj )7\/ C is 9ivem )7)/ D
.. B‘/ leww 's TLIW\, %Q‘/\Jxa Nuly): SDf [NK*M\/)AA': %(ZXy*Z-ny) ClA :?,'AM(D).

%Q‘/\JxaNdy) Cl(/ﬂxw\(ls ov][\/ an the ouep, of D but not s ,pr,-h'on.

34. Definite integral as a line integral Suppose that a nonnegative
function y = f(x) has a continuous first derivative on [a, b]. Let C
be the boundary of the region in the xy-plane that is bounded
below by the x-axis, above by the graph of f, and on the sides by
the lines x = a and x = b. Show that

[rou=fou

go]) Let 77 = M) T+ Ney) T
Then My=-1:N,=0 |
The region bowded by C s given by D=%Lx,y)e/2‘10\sxsb; ESZE1);

£(x)

R/ Gieen's Thw, - &yix ~S (N~ MydA = SL 'l Jny ‘S $Todx



39. Regions with many holes Green’s Theorem holds for a region
R with any finite number of holes as long as the bounding curves
are smooth, simple, and closed and we integrate over each com-
ponent of the boundary in the direction that keeps R on our imme-
diate left as we go along (see accompanying figure).

a. Let f(x,y) = In (x*> + y?) and let C be the circle
x? 4+ y? = 4. Evaluate the flux integral

%Vf'nds.

¢
-~ 2

2x / - -
Sol) l0) Let VFleyd= aym 1 T %yt § = My T+ Ny,
Ccm L: C has oiti-chekwise Ovientation. Then C  Con fu,y)umw'bw'ze,i as
Y= omnti+asmt] , whae 0stcam,

2 oLsint

Then MUr) = cj(:s%fn;, =Zcat : NI(FR) = giomorD = 25t
T = -asht T+ eostT s RH)= oeost 3 Fosnt]

. L T 2 2 . n

. %Vf' nds = Slo «E“Sﬂ'L‘“"‘*’H’(ES‘"*)'(”’”*S)J* = 2{,dt = 4,

c
C“\& 2+ C has clckwise Ovigntotion Lot C be the cinle with auticlockwise Oriemtation
The §75Rds =-§ 75745 = -4,
%

.EL\( T;‘L Y\UWLUVI‘DM\ answer O ,mr'uwed in the Textbaok JTL\omms/ Caleglve (ll Edition)

s mc,orrcc't_



b. Let K be an arbitrary smooth, simple closed curve in the
plane that does not pass through (0, 0). Use Green’s Theorem

to show that
}{ Vf-nds

K

has two possible values, depending on whether (0, 0) lies
inside K or outside K.

(b) Coge 1 (0.0) does not Lie inside K. fet D be t vegfon bowded bf K

Than by Guoen's Thiomn , § VF:Rds =2 5D M.ty YA

- SS ([\(l+\/‘)~1— 2x (%) | (C+yY)-2 - Qyuy)>AA -0
— /

(X+y)? (xi4yY?
Cag_,, 2. [0.0) ﬁ\'ag (hside K CllluoSe o >0 Qﬁﬁ'clw‘t‘l\/ swall such Hhot C Lies tside K,
Y
K hos onti clockwise 0Ovientortion ond C has clckwise Ovientation. x’j\ ™~
lix W
Let R be the vegion lying botwan K and C 4 H)_”“

M Sl'hu, R Joes wat €Mcluv_ ((7,03 , O = _E (Mx+Ny)AA
= $UFRde + PUFRLe
K C
= SUFfnde + (~4M . B USRde = 47
K ' KK '
O, if (0.0) does ot Lie inside K.

Combining Yoth cases, §UF-ds :{
K l{—T]‘] if (0.0) Lres (nside K



